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Linear Programming Problem with
Inequality Constraints
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ABSTRACT

The study of non-linear programming (NLP) problems has wide applications in industry,
science, agriculture, and engineering. Such applications include engineering design, control,
data fitting, crop, and economic planning. However, most existing studies relating to NLP have
been carried out without considering the effect of large-scale inequality constraints on the NLP
problem despite their importance in real-life situations. In this paper, we consider NLP with
large-scale inequality constraints where the system of equations obtained by the Karush-Kuhn
Tucker (KKT) technique has no analytical solutions. Several methods in the literature were
computationally expensive. A Quasi-Newton Approximation Scheme (QNAS) was adopted and
itmplemented to obtain an approximate solution to NLP of this type. The QNAS performed better
and converged faster than other approximation schemes in the literature. Real-life engineering
problems resulting in NLP were solved, and the result obtained was compared with Newton’s
approximation scheme.

Keywords:  non-linear programming, karush-kuhn-tucker, quasi-newton, inequality
constraints, aprproximation schemes

INTRODUCTION
ptimization is an essential tool for finding the best posible solution or maximiz-
ing or minimizing a certain objective within a given set of constraints of linear
and non-linear formulations to solve large problems accurately and study the

solutions. Mathematical optimization or mathematical programming is the selection of a
best element, with regard to some criterion, from some set of available alternatives (Liu
And Wang,2022). It is generally divided into two subfields: discrete optimization and
continuous optimization. Optimization problems of sorts arise in all quantitative disci-
plines from computer science and engineering to operations research and economics, and
the development of solution methods has been of interest in mathematics for centuries
(Liuzzi, Lucidi, Rinaldi & Vicente, 2019; Martin & Ning, 2021).
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It assists in finding the answer that gives the best result; reaches the highest profit,
output, or happiness; or obtains the lowest cost, waste, or discomfort. Usually, these
problems entail making the most efficient use of available resources, including capital,
time, machinery, personnel, inventory, and land and water. These problems have been
solved by using different optimization methods from researchers worldwide. The
theory and application of optimization is sometimes referred to as mathematical
programming. Here the term programming does not refer to computer programming.
The optimization theory provides a powerful framework for formulating the general
optimization problem.

As shown in Figure 1, optimization problems can first be classified by their
continuous and discrete variables (see, Biegher And Grossmann, 2004). The major
problems for continuous optimization include linear programming (LP) and NLP. An
important subclass of LP is the linear complementary problem (LCP), while the NLP
includes quadratic programming (QP) and semidefinite programming (SP). An
important distinction for the latter is whether the NLP problem is convex or nonconvex
since the latter may give rise to multiple local optima. Another important distinction
is whether the problem is assumed to be differentiable. As for discrete problems, they
are first classified into mixed-integer linear programming (MILP) and MINLP.
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Fig. 1: Tree of classes of optimization problem

For the former, a particularly important case is when we have all the variables to be
integers, leading to an integer programming (IP) problem. This problem, in turn, can
be classified into many special problems (for example: assignments, traveling
salesman, and so on.). The MINLP problem also leads to special problems, although
the main distinction, like in the NLP problem, is whether its relaxation is convex or
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nonconvex.

Regarding their formulation, discrete/continuous optimization problems when
represented in algebraic form, correspond to mixed-integer optimization problems that
have the following general form:

Minimize: Z = f(x,y)
subject to:
h(x,y) =0
gx,y) <0
DD 00 = (15 20O 1

where f(x,y) isthe objective function (for instance, cost),h(x,y) = 0 are the equations
that describe the performance of the system (material balances, production rates), and
g(x,y) <0 are inequalities that define the specifications or constraints for feasible
plans and schedules.

Numerous real-world issues, including those related to engineering design,
chemical engineering, traffic, management, and economic policy, can be represented
as nonlinear constrained optimization problems. The choice variables for nonlinear
constrained optimization problems include real variables, integer variables, and
discrete variables with discreteness (also known as discrete variables). A nonlinear
constrained optimization issue can be mathematically expressed as follows:

Mininize: f(nq,ny,..., Mg 14,11, -+, T5)
Subject to:
gj(nl,nz,...,nt;rl,rl,...,rs) =>b;,j=12,....m

aiSniSbi,lkST‘kSuk, ......................................................... 2

where n; are integers or discrete variables, 1, are real (continuous) variables, 1 <
i<t,1<k<s.

Problem (2) is a very general optimization problem that is subject to general
constraints, with real variables, integer variables and discrete variables. Clearly,
Problem (2) is a Mixed-Integer Nonlinear Programming Problem (MINLP) and these
are more difficult than so-called component redundancy allocation problems (Bashier,
2020).

Furthermore, many problems in Engineering lead to Non-Linear programming
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Problems whose system of equations arises from their Karush Kuhn Tucker (KKT)
conditions cannot be solved analytically. Over the years, we have been taught how to
solve equations using various algebraic methods. The methods used include the
elimination method and the substitution method. Algebraic methods that can also be
used include the quadratic formula, completing the square, and factorization methods.
In Linear Algebra, we are taught that solving systems of linear equations can be
executed by using row reduction as an algorithm. However, when these methods fail,
we use numerical methods to find approximate solution.

Numerical methods are used to find an approximate solutions of equations when
real solutions can not be determined via algebraic methods. They construct successive
approximations that converge to the solution of an equation or a system of equations.
For continuous variable optimization, we consider (MIP) without discrete variables. A
key characteristic of a Non-Linear problem (NLP) is whether it is convex or nonconvex,
that is, it has a convex objective function and a convex feasible region. Convex feasible
regions require g(x,y) to be convex and h(x,y) to be linear. If any NLP is a convex
problem, then any local solution is also a global solution to the NLP. Moreover, this
solution is unique if the objective function is strictly convex. On the other hand, the
KKT conditions can only satisfy local optimality for nonconvex problems.Therefore, a
more rigorous (and expensive) search procedure is required to find a global solution.

We first consider solvers based on Successive Quadratic Programming (SQP) as
first solution technique to NLP as they allow the construction of a number of NLP
algorithms based on Newton steps. Additionally, these solvers have been shown to
require the fewest function evaluations to solve NLPs and they can be applied to a
broad range of process engineering problems with different structure. SQP uses the
equivalent of a Newton step to the KKT conditions of the nonlinear programming
problem (Xu And Cheng, 2023; Zhang And Li, (2023)).

In addition to SQP methods, several NLP solvers have been developed and adapted
for large scale problems. Generally,these methods require more function evaluations
than SQP methods but they perform very well when interfaced to optimization
modeling platforms such as AMPL, CUTE or GAMS, where function evaluations are
cheap. All of these can be derived from the perspective of applying Newton steps to
portions of the KKT conditions of (NLP)(Biegher And Grossmann,2004). LANCELOT
(Andreani, Schuverdt And Secchin, 2024) is based on the solution of bound constrained
sub-problems.

METHODOLOGY
This paper involves theoretical exploration and numerical computations, and
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draws insights and ideas from related works to identify open problems and possible
solutions. In the first part, theoretical foundation of solutions to nonlinear
programming problems with constraints was considered while a numerical method for
solving the problem that cannot be solved analytically is proposed in the second part.
Furthermore, sample problems with known analytical solutions are compared with the
method.

LAGRANGE MULTIPLIER
Consider NLP problem of the form:

Minimize f(X)
Subject to

gi(x) <0,j=1,23,..., M 3

The above problem can be solved using Lagrange multipliers method for solving the
equality constrained problems. Therefore, we need to convert the inequality
constraints to equality constraints by introducing some non-negative slack variables,
say sjz,j =12,...,m.
The problem (3) now becomes:
Minimize f(x)
Subject to

9j(x%,5) =gj() + 5 =0,/ =12,...,M covrvrvrrirenes 4

Where

is a vector of slack variables.
Now, this problem can be solved by using the Lagrange multiplier method. We can
define the Lagrange function L, as

L(x,5,4) = f(x) + X751 4igj(%,8) oo, 5
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where

X =|. is the decision vector

S =1. is the slack vector

and A =1, is the Lagrange Multipliers Vector

Now we write the necessary conditions as

9 _0f0) , vm 4 09j(xs) _

—axiL(x, 5,4 = e + 2,‘:1 A r 0..........6
a

a _ _ 2 _

—aAjL(x, s;4) =g;(x,s)=gjx)+s=0.........8

Where i =1,2,...,n and j =1,2,...,m

Now we have (n+2m) equations in (n + 2m) variables and hence can solve the
system of equations for the optimum solution vector x*.

This concept was revised by Kuhn and Tucker as described in the conditions as the
necessary conditions to be satisfied at relative minimum if f(x) with inequality
constraints g;j(x) < 0, expressed as

f N 1.99; _

axi 4 J axi
Jj=1

0i=1,2,...,nand Aj >0 9

where 4; are the Lagrange multipliers. If the set of active constraints is not known,
then the Kuhn-Tucker conditions can be stated as follows for the case minimize f(x),
subject to g;(x) < 0:

f () L ym 5 99/ _ . _
Pk AR TE ek DL T Y E S —— 10
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j=1 ]a—xl' 0i=1,2,...,r1 ................................................ 11
Ajg](X)=0 j=1,2,...,m
gj(x) S 0’ j= 112""’m ----------------------------------------- 12

2 =0j=12,..,m

Equations (10), (11) and (12) are called Optimality condition, Feasibility condition and
complementary slackness property respectively. X is a KKT point if it satisfies all
above properties. The constraint qualification and the corresponding values of the
Lagrange multipliers will obey the following relations:

1. 4; is non-negative (4; = 0) for Minimization of f with g; <0.
2. ; is non-negative (4; = 0) for Maximization of f with g; = 0.
3. 4; is non-positive (4; < 0) for Maximization of f with g; < 0.
4. A; is non-positive (4; < 0) for Minimization of f with g; = 0.

THE SUFFICIENT CONDITION FOR OPTIMIZATION PROBLEM
The KKT condition are sufficient conditions if f(x) is convex, and feasible space is

convex. Suppose we have constructed Lagrange function as

L=f0x)+X7 4[g;(x) +sf]

Ai Z 00 s 13

*

x* is relative minima point if V2L|,- is positive definite then x* is relative maxima
points if f(x) is concave and feasible space is convex.
For a general optimization problem with both equality and inequality constraints.
Minimize f(x)
Subject to
gilx) <0G =12...,m)
he(x) =(k=12,...,0
X =(x;,%p,...,6)7

If X* is areqular point, then X* is also a local minima of f, if the following conditions
are satisfied. We construct the Lagrange function as L=f(x)+Xi 49;+

Yhe=1 Brchi-
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The optimality condition is as follows:

of 9g;(x) l Ohr(x) . _

6_Dcl+2;n=1/1] ajxi +Zk=1ﬁka—m,l—1,2,...,n ................ 14
Feasibility condition:

gix)<0,h=0,j=12,...mk=12,..., L. 15
Slack property:

Ang(X):()]:l,z,,m .......................................................... 16
Non-negativity:

A= 0] =12, 0, Meiiiic 17

Bx 1s unrestricted in sign, k = 1,2,...,1

Prior to now, we made the assumption that calculating the gradient Vf(x) or the
Hessian matrix Hf(x) for a KKT would be simple and inexpensive. However, in
actuality, this is not always the case If f:R"™ - R with n large, then computing,
Hf (x) requires finding many derivatives, which is expensive even when we can take
partial derivatives of f easily. Also, If f is not given to us explicitly, then we cannot
compute derivatives of f directly (unless we use some approximation algorithm for
derivatives). The secant approach as a solution to the second of these issues in one
dimension. Here, we estimated the derivative using the values at the final two
locations.

Now, for the n-dimensional case, finding the solution to a system of equations
g(x) =0 for a function g:R"™ - R". It requires a determination of the Jacobian in
order to approximate Newton’s method Vg; in other words, a linear approximation of
g. Here a p[roblem is encountered as the values of g at the last two points are not
enough to build a complete linear approximation of g. (In general, such an
approximation would need at least n + 1 points to be defined.)

Instead of discarding the matrix totally as the secant technique does, our approach
to this problem is to keep a matrix that roughly approximates the Jacobian and update
it each time we learn new information. Intuitively, when comparing the new value
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g(x®**D) to the previous value g(x(®)), we can learn something about the rate of
change of g in the direction of x®*+1 — x(¥) but nothing about the rate of change of g
in other directions.

We can build on the justification behind Newton’s method to figure out how to do
this. With Newton’s method, when we are at a point x®), we make a linear
approximation to g.

gx) = g(x®) + Vg (x — x). i 18

Then, let x*+1 be the point where the linear approximation equals 0.

Now suppose that instead of computing the Jacobian Vg(x(®)), we somehow found
an approximation Dy: an n X n matrix that is our best guess at the partial derivatives
of g. Just as with Newton’s method, we make a linear approximation—

gx) = g(x®) = Dp(x — xP). i 19

We let x(k*1) be the point where the linear approximation equals 0.

In practice, g(x**V) doesn’t end up being 0: if everything is going well, it should
be closer to 0 than g(x®)) was, but the linear approximation is not exact. This is new
information, and we should replace D, by a new matrix Dj,; that takes this new
information into account. It’s natural to ask that D,,, predict correctly what D, was
wrong about. We now know the value of g(x®**1), so we can ask that if we replace Dy
by Dy41 in our previous approximation, it should give that value exactly. That is, we
should have—

g(x(k)) + Dk+1(x(k+1) - x(k)) = g(x(k“)) ........................... 20

where we previously had
g + D (x D) — x ) = 0 oo 21

Second, we ask that in every direction orthogonal to direction x*+D — x(K) we still
make the same prediction. After all, we didn’t go in such directions, so we can’t have
learned anything new about them. So we require that

D,y = Dyy1ywhenevery - (x*+D — x(®K)) = 0 oo 22
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Together, equations (20), (21) and (22) characterize the change from D, to Dj,;. It is
easier to reason in term of the "update" from D, to Dj.,: the difference between Dy,
and Dy. If we denote this difference by U, = Dy, and define b = x(*+1) — x(©) then
by taking the difference of (20) and (21), we get

Yieb®) = g(x®FD)) s 23

While (22) can be written as U,y = 0 when every b = 0. If this matrix exists, it must
be unique, because any input y can be written as y = y! + y* where y! is a multiple
of b®), and y! is orthogonal to h(®); the equations above define what U, does to y!
and y*, and therefore they determine what U, does to y.

One way to get a function f(y) that has this property is to scale g(x**1) (the
desired nonzero ouput) propertionally to the dot product y - b®). That is, to set

fly) = b(k) b(k) g(x(k+1)) ......................................................... 24

This resulted into a linear function, so that there actually is some matrix U, such that
f(») = Uyy. We can see this by rewriting y - b® as (b(®))Ty, so that

_ gy pUnTy
f(y) = W ................................................................ 25

This tells us that the unique update matrix U, that does the job is

g(x(k"'l))(b(k))T 26

Uy = T e

Adding this matrix to D, to get D,., is called a rank-one update, because the rank of
the matrix Uy is 1: its columns are all multiple og g(x**V). (And its rows are all
multiples of (b*))T). This makes it a "minimal" change from D, to Dj,; in some
sense, and using a rank-one matrix also has some theoretical benefits

BROYDEN’S METHOD
This starts with some starting point x(%); we also need a matrix D, to start as our

approximation to Vg(x(®). (If computing derivatives of g is expensive but not

impossible, we could set D, equal to the Jacobian, since we only need to do this once.

Otherwise, we could set D, to the identity matrix because that’s simple to work with.)
To compute x**D and D, from x®) and D, we:

217

DOI: 10.5281/zenodo.14484115




DOI: 10.5281/zenodo.14484115

LASU Postgraduate School Journal ¢ MAIDEN EDITION | July 2024

1. Solve g(x®)) + Dy, (x**+D — x(K)) = 0 for x**+D; equivalently, set x*+D =
x(k) — Dlzlg(x(k))

_ gDy (pNT k) _ o (k+1 k
2. Set Dk+1_Dk+W,where pK) = y(k+1) _ 4 (k)

From (Broyden, 1969; Martinez, 2000), when using Newton’s method computing
Vg(x¥)~1 is avoided; instead, to solve a system of linear equations at each step is
preferred. With Broyden’s method. however, the iterative step

x D = x(K) — Drg(x(D) s 27

is actually much faster to use. This is because we do not have to recompute the inverse
from scratch after a rank-one update: we can find D;}; directly from D!, by a result
known as the Sherman-Morrison formula.

The Sherman-Morrison formula says that if A is an n X n invertible matrix and
u,v € R", then (4 +uv’)™! can be computed from A1 as
U, 28
1+vTA-1u

A+uh)yt=4"1-

We can use this to compute D;}; from D;' if we set A =Dy, u=gx**), and v =
p(®)
NGHIG)
together (we can write A~ 'uvTA™! as A~'u times vTA™1), applying it is much faster

Since the Sherman-Morrison formula never requires multiplying two matrices

even than solving a system of linear equations.

In this way, we avoid ever having to compute D, explicitly: only D;! is needed.
After simplifying the Sherman-Morrison formula to our specific needs, we can
resummarize Broyden’s method as:

1. Set x*+D) = x() — pr1g(x(®).

2. In terms of the vectors h¥) = x(k+1) — x() = _p=14(x(K)) and ¢*) =
Ditg(x®*D), set
B ((pNTp-1
Dty = Dt — SO D) e 29

b0 (b0 ¢ (k)

Even if the evaluation of Vg(x(®¥)) were inexpensive, this method would be faster than
Newton’s method when the number of dimensions n is large.
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RESULT

Implementation for solving nonlinear programming problems with equality
constraints
In general, consider optimization problem
Minimize  f(xq,x2,%...,%,)
Subjectto g1 (x1,%2,x...,x,) = by
gz(xl,xZ,x,...,xn) = bz ....................................... 30

Im(X1,%X2,% ..., X)) = by,

The Lagrangian function L is constructed as

m
L(Xy, Xg ey X Ay Aoy ) = F X1, Xy v ey ) +z A(g; = b)j =12,...,m
=1

Where 1,,4,,...,1,, are Lagrange multipliers, n is the number of variables and m is
the number of constraints.

Now, by treating L as a function of n+m unknowns, x; and 4;, where i=
1,2,...,n and j = 1,2,...,m, the necessary conditions for the extremum of L are given
by

G _0f L m 409 _ o

ox, o, j=1 4 axi_Ol_l'Z""'n ............................ 31

dL .

ﬁzgj(x)=0]=1,2,...,m,11,/12,...,1m20 .............. 32
)

The Jacobian matrix of the necessary conditions is computed as

Vixl(x,2) Vg (x)>

VZL(x, 1) =] (x) = (Vg(x)T 0

The Jacobian matrix is (m + n) X (m + n) matrix. Where n and m are numbers of
variables and constraints respectively and also assume m < n. V2,L(x,4) and Vg(x)
are n X m matrices.

Then we can use Newton’s method for the solution
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J(xTN)ExT) = —F(x T e, 34

Where §x®) = x(k+1) _ x(¥) Hence, we have

Vil (x,2) Vg(x) (8 V,L(x,2)
<Vg(x))7c" Og * )((ﬁ) =— (g(x)x ) ...................... 35

Implementation for solving nonlinear programming problems with
inequality constraints
Consider the NLPP below

Minimize  f(X)
Subjectto g;(X) <0j=12,..,m;X = (x1,%p,...,%,)7 €R®

After introducing m positive slack variables s; to the inequality constraints, we get

giX)+sf=0j=12,...,m

We can generate the Lagrange function for the problem as

L(x1, %5, o, X S1,S25 -+ Sma Ay Aoy ooy A) = (X, %0, ..., %)

m
+Z 2(gj(x1, %, %) + 57)
j=1

A G =12,...,m) are Lagrange’s multipliers

The necessary conditions for its relative minimum are:

oL _0f0) N\, 0900 _

0i=12,...,n;j=12,....m

6xi_ axi 4 J axi

j=1
oL _ +s7=0j=12
aA]_g](x) Sj =Uj=14....,M
oL .
£=2/1]SJ=0]=1,211m

]
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where n and m are number of variables and number of constrains respectively. We
have n + 2m equations and n + 2m numbers of unknowns.

The above conditions are called the Karush-Kuhn -Turker (KKT) conditions.

We can apply Newton’s method to solve the problem. This Newton’s method is of
the form

A’L(x,2,5))8(x) = —AL(x, 4, s))

Where §(x) = x**+D — x®xk+1D) = x4 §(x)
JL
axi

oL

oL
a5
0X
4 |j=12,....,m
ds;
X1
X2

6(X)

xn
Afcl.L(X, A;,8)) Ay,g(X) 0
NL(X,A,s5) = | Ay g(X)T 0 21s;

When A% L(X,2;,s;) is n X n matrix Ay, g(X) is n X m matrix
Hence, the Newton’s Method becomes

ALK As) Brg(X) 0 85X D, L(X, 44, 57)
Axig(X)T 0 ZISJ 51} = — Al]'L(Xf Aj: Sj)
0 21s; 212;) \95 As,L(X, 2, )

We will now describe the process of solving the system of nonlinear equations derived
from the KKT conditions of NLPP with inequality constrained.

221

DOI: 10.5281/zenodo.14484115




DOI: 10.5281/zenodo.14484115

LASU Postgraduate School Journal ¢ MAIDEN EDITION | July 2024

T
LLet XO = (x2,s) i=12,..,n;j=12..,m

be a given initial vector.
2. Calculate J(X©@) = A2](X©) and F(X©) = AL(X©)
3. We now need to calculate the vector
6x;
Xy =64 )i=123,...,n;j=123,....,m
ds;

In order to calculate §(X(©), we solve the system J(X(©)§(X(©®) = —F(X©®), using
Gaussian Elimination.

4. Once §(X©) is calculated, we can proceed to finish the first iteration by
calculating X, We have X = x(© 4+ §(x(©)

5. Once we have gotten X1, we repeat the process until X converges to
X*. Which means X* is the solution to the system F(X) = 0.

A set of vectors converges when

| Xk+1) _ x(®) | = 0 Thatis;
> 2
| 0D - x G = \/ (72 =) et (17 =) = 0
CONVERGENCY

With the initial guess X(©, X is calculated. We repeat the process again, until
X®) converges to X. This indicates we have reached the solution to the system.
When a set of vectors converges, the norm

| X+ — x(®) || = 0 This mean that

2 2
I xk+1) _ y (k) I = \/(x§k+1) _ x(k)) +oe (x£k+1) _ xy(lk)) =0

1

Newton’s method converges quadratically. Quadratic convergence means that the
square of the error at one iteration is proportional to the error at the next iteration.

A sequence P, issaid to be converge quadratically if B, convergesto P with order
a = 2 such that

222

DOI: 10.5281/zenodo.14484115




DOI: 10.5281/zenodo.14484115

LASU Postgraduate School Journal ¢ MAIDEN EDITION | July 2024

L By 36

n—oo |Pp—P]|

When g is a positive constant.

For Newton’s method to converge quadratically, the initial vector X(® must be
sufficiently close to the solution of the system F = 0, which is denoted by X. As well,
the Jacobian matrix must exist. The goal of this proof is to show that:

Ix+D_x)
m — ﬁ ........................................................................ 37
then
| e®+D =) xE+HD X
=|| X _](X(k))—lp(X(k)) —XI
Ifweset || e® |l=]] X®) — X || then we have

I e®*D =l ek — J(X*N=1F(x @) |

Let the second-order Taylor series be:

_ 1
FX®) =~ F(X) +Je® + E(e(k))TH(e(k))

where J =J(X®)) and H is the Hessian tensor, which is similar to the Hessian
matrix.
Wen then have to multiply each side of the Taylor’s series by ]!

JAEEE)) T FE) + e + 5 (e H(E®)]

i .39
=l 4 T(e(k))TH(e(’”)
Using (38) and (39) we obtain
| XD — X =] e®+D
-1
=1 = ®)THE®) I 40

=LA
< ]T Il e®) |2
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QUASI-NEWTON METHOD
XKD = x() — A1 F (X))

Where X = (X;,4;, SJ-)T This is defined as Broyden’s iterative procedure.
In (Floudas And Pardalos, 2008), A, is define as

F(X(k+1))(b(k))T

Api1 = Ap + SOOT (k) 7T s 41
Where pl) = x(k+1) _ x (k)
From equation (38) we have
A (x D — x(0) = —F (x ()
A - 6% = —F (X)) e 42

However, Broyden’s method involves computation of A;!, not just A, which brings us
to the next theorem.

Theorem 1 (Sherma-Morrison formula)
If D is an n X n invertible matrix and U,V € R" are vectors, then (D + UVT)™?!

can be computed as

p~1yvTp-1
vve 42

TN—1 — p-1 _
(D+UVT) ™ = D™l = 2t

We can use this to approximate Ay}, from Ap' if we set D = A, U = F(X®**D) and V =

k
LAINN )
p(K)T

Applying Sherman-Morrison Formula, we can re-summarize Broyden’s method as:
Set X(k+D) = x() — g 1F(x ()
* Let the vector h®) = xk+1) — x(K) and () = A1F (X *+D), set
(RN 43 )

(BT - (b® + cl(k)])

-1 _ 4-1
Ak+1—Ak -
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The steps of Broyden’s method are described below:

1.Let X(© = (xl.(o),lj(.o),sj(o)) i=12,...,n j=1,2,...,m be initial vector given
2. Calculate F(x®))

3. We now compute Aj!. If we do not have enough information to compute 4,
directly, Broyden’s method permits us to let 4, = J(X(®)), which
implies that Ayt = J(X(®)~1

4. Calculate X1 = X(© — A51F(X(®)

5. Calculate F(X™)

6. Calculate €@ = Ag1F(XM) and p©® = x(D — x(©),

7. Compute (b)T - 451 and h©® + ¢(©

8. Compute

C(O)((b(o))T .Ao—l)

-1 _ 4-1 _
A =4 (b©OHYT . (h(© 4 (0))

9. Take A7' that we found in step 8 , and calculate
X@ =x® — AT F(XxW)

10. Continue the process until we converge to X = X¥) = x(k*1)_ This shows
that X is the solution of the system.

Convergence of quasi-Newton’s method
Quasi-Newton’s method converges super linearly unlike Newton’s method which
converges quadratically. That is
lim Ix*D—py _
koo IX®—pP|

where P is the solution to F(X)=0, and X® and X**D are successive
approximations to P. The proofis similar to the proof of Newton’s method.

NUMERICAL VALIDATION
Some NLPP are solved analytically and compared with solutions of Newton’s

Method and Quasi-Newton’s (Broyden’s Method) to confirm the accuracy of the
method.
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ANALYTIC SOLUTION OF THE PROBLEMS

Problem 1
Minimize Z =9 —8x; — 6x, — 4x3 + 2x% + 2x2 + x3 + 2x,x, + 2x — 23
Subjectto:  x; +x, +2x3 < 3

The Lagrange function L(x,4,s) is constructed as

L(x,A,5) =9 —8x; — 6x, — 4x3 + 2x% + 2x% + x5 + 2x,x, + 2x — 2x3
+ A(x1 + x5 + 2x5 + 52)

where 1 >0 and s is the slack variable
aL

P = —=84+4x; +2x,F2x3F A =00 44
1

JL

—=—6+4x2+2x1+l=0 .................................................. 45
0x,

oL

— = =4+ 2x3+2x; F 2L =0 i 46
O0x3

oL _ 2

5—x1+x2+2x3+s = 0 47
oSS 48
das

The above conditions are called KKT conditions

Case 1
From equation (48) if A1 =0 and s # 0 then x; =6, x, = —6 and x3 = 10 which

contradict the constraint. Therefore, the point (6,-6,10) is not a minimum point of Z

Case 2
From equation (48),if 1 # 0 and s = 0. Then we have the following from equations
(44), (45), (46) and (47)
A =8—-4x; —2x, — 2x;
A =6—4x, —2x;
A =2—=—x1—2x3
X, +xp,+2x3=0
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The above system of equations is solved analytically to give x; = g,xz =

-11 8
— and A1 =-
9 9

This solution satisfies all the KKT condition. Therefore, point G%_Tn

minimum point of Z.

Problem 2

5
Minimize f(x,y) = W

Subjectto: g(x,y) =x2+y*—-1=0

The Lagrange function is

L(x,y,2) =i+/1(x2 +y2-1)
) ) xyz

The necessary conditions are
L

oL _ _e,.-2.-2 —
Pl 5x7TY T2 F 2XA = 0o 49
O _ _10y-14-3 _

3y 10X Y ™2 + 294 = 0 e, 50
oL _ 2.2 _1—

=X Ty 1= 0o 51

Thus we get from above

9] = 5 _10
_xzyz_xy4
2
- =—,y%2 =2
x yzy x

Then equation (50) is now

X2 4+2x—-1=0
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«_ 1 «_ V2
Therefore, x* = 7 and y* = N
L _5V3:32 4543
S22 4

The minimum point of f(x,y) is ( L ﬁ)

V3’3

Problem 3
Minimize Z = x? + x5 +x% +4(x; —4) + 4(x; + x, — 14)
Subjectto: x; + x, + x3 =18
X1, X2, x3=20

The Lagrange equation is

L(xy, X0, %3,A) = x2 +x2 +x2 +4(x; —4) + 4(x; + x5 — 14) + A(xg + x5 + x3
—18)

The necessary conditions are

B TE Lk e T 52
0xq
oL
a—xz—2x2+4+l—0 ................................................................ 53
oL
6_x3_2x3+/1_0 ....................................................................... 54
oL
_=x1+xZ+ZX3—18=0 ..................................................... 55
oA
A<0

From the equations (52) to (63), x; = 4,x, = 6,x3 =8,1=—16
Thus the maximum point of Z is (4,6,8)
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Problem 4

1 1 1
Minimize f(X) = Exlz + §x22 + Exsz'
Subjectto: x; + x5, <3
3% —x, <6
X1 +x, +x356
X1, X2, x3=0

The Lagrange function is

1 1 1
L(X,A,5) = Exf +Ex§ +§x§ + Ay +x, —3+58)+2,(83x; —x, — 6

+53) + A3(x; + x5 + x3 — 6 + 52)

where s;,s, and s3; are slack variables necessary conditions are

£:x1+11+312+/’{3=0 .................................................... 56

E)xl

£=x2+11—12+13=0 ...................................................... 57

E)xz

oL

6_52 = 21252 0 e 63

oL

6_53 = 21353 0 e 64

This system of equations is solved analytically which resulted in global maximum f(X)
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exists at 4, = —2,/12 = 0,1; = 0 which gives x; = %,xz =% and x; =0

NUMERICAL SOLUTIONS TO THE PROBLEMS

Table 1: Numerical solutions to the prolems in section 4.1

Problem Analytical Newton Quasi-Newton CN ca
1 x; = 2.3333 x; = 2.3333 x; = 2.3333 10 10
x, = 0.1111 x, = 01111 x, = 01111
x3 = —1.2222 x3 = —1.2222 x3 = —1.2222
2 x = 0.5774 x =0.5774 x = 0.5774 70 70
y = 0.8165 y = 0.8165 y = 0.8165
3 X, =4 X, =4 x, =4 2 2
X, =6 X, =6 X, =6
x3 =8 x3 =28 X3 =
4 x; =15 x; =15 x; =15 7 7
x, = 1.5 x, =15 x, =15
x3 = 0.0 x3 = 0.0 x3 = 0.0

Roots Convergence

Broydens Method (Quasi-Newton Method)

1 2 3 4 5

8 9 10 "

Number of Iteration

Fig. 2: Graph of problem 1.

Broydens Method (Quasi-Newton Method)

w
S

Roots Convergence
N
&

PO e

10 20 30 40 50 60 70
Number of Iteration

Fig. 3: Graph of problem 2
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Broydens Method (Quasi-Newton Method) Broydens Method (Quasi-Newton Method)

Roots Convergence
Roots Convergence

3 4 5 6 7 8

1 12 14 16 18 2 22 24 26 28 3 Number of |teration

Number of Iteration

Fig. 4: Graph of problem 3. Fig. 5: Graph of problem 4

DISCUSSION
The numerical results obtained from applying the Quasi-Newton Approximation

Scheme (QNAS) were compared against existing methods, particularly those utilizing
Lagrangian multipliers. The QNAS demonstrated superior accuracy and efficiency,
particularly in scenarios where traditional methods struggled to converge or provided
less precise solutions. This is significant because many engineering problems involve
complex constraints that can lead to difficulties in finding optimal solutions.

One of the standout features of the QNAS is its convergence rate. The results
indicated that the method converges more rapidly to the optimal solution compared to
other numerical methods. This is particularly important in practical applications
where computational time is critical (Wierna, Yago, Lloberas-Valls, Huespe, & Oliver.
2024). The ability to achieve a solution in fewer iterations not only saves time but also
reduces computational resource usage, making it a more sustainable option for large-
scale problems.

The study highlighted the challenges associated with solving KKT conditions
analytically, especially in non-convex problems. The QNAS effectively addresses these
challenges by providing a numerical approach that can yield approximate solutions
even when traditional algebraic methods fail. This capability is crucial for real-world
applications where exact solutions are often unattainable due to the complexity of the
constraints involved.

The results showed that the QNAS is versatile and can be applied to a range of
NLPPs, including those with convex objective functions and both convex and concave
constraints. This flexibility makes it a valuable tool for engineers and researchers
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dealing with diverse optimization problems. The ability to adapt to different types of
constraints enhances its utility in practical scenarios.

The findings suggest several avenues for future research. For instance, the study
proposes further exploration of NLPPs with concave objective functions, which could
expand the applicability of the QNAS. Additionally, investigating the nature of optimal
points when using the KKT method could provide deeper insights into the behavior of
solutions in non-linear programming.

The implications of these results extend to various fields of engineering and applied
sciences. The ability to efficiently solve NLPPs with inequality constraints can lead to
improved designs, optimized resource allocation, and enhanced decision-making
processes in engineering projects. The study emphasizes the importance of developing
robust numerical methods that can handle the complexities of real-world problems
(Bjorck, 2024).

The results of the study on the Quasi-Newton approximation method for NLPPs
with inequality constraints demonstrate its effectiveness in providing accurate and
efficient solutions. The method's ability to handle KKT conditions numerically, coupled
with its rapid convergence and versatility, positions it as a significant advancement in
optimization techniques. These findings not only contribute to the theoretical
understanding of non-linear programming but also have practical implications for
engineering and applied optimization problems. Further research in this area could
lead to even more refined methods and broader applications.

CONCLUSION
In this paper, we have discussed a Quasi-Newton approximation of Nonlinear

programming problem with inequality constraints. The numerical results obtained
showed clearly that the method is accurate and more efficient than the other existing
methods when solving NLPP using Lagrangian multipliers. The method also help in
finding approximate solution when NLPP leads to KKT conditions which cannot be
solved analytically. we have succeeded in constructing a Quasi-Newton method for
finding KKT point of NLPP with convex objective function and convex constraints
(minimization) and convex objective function and concave constraint (maximization).
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